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Hydrodynamic characteristics of bodies in channels
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The effect of channel walls on the hydrodynamic characteristics of fixed or oscillating
bodies is discussed using classical linear water wave theory. Particular attention
is paid to the occurrence of trapped modes persisting local to the fixed body and
which are manifested in a non-uniqueness of the corresponding forced problem at the
trapped mode frequency. The general ideas are illustrated by consideration of two
simple geometries for which semi-analytic solutions are available, namely a circular
cylinder either partly immersed or extending throughout the water depth, and a thin
vertical plate parallel to the channel walls which extends throughout the water depth.
Conclusions are drawn concerning the conditions under which trapped modes may
exist and their effect on the hydrodynamic characteristics of more general bodies.

1. Introduction

Experiments carried out to determine the hydrodynamic characteristics of bodies
usually need to be carried out in wave tanks even though knowledge of the behaviour
in the open sea is required. It is thus important to understand both qualitatively and
quantitatively how the tank walls affect quantities such as the exciting force on a
fixed body due to an incident wave or the added mass and damping coefficients for
a body making small simple harmonic oscillations.

We consider the case of a channel of constant width 2d and constant depth h
and we assume that the channel is infinitely long. We also assume that the fluid is
incompressible and that the fluid motion is irrotational. Then the governing equation
is Laplace’s equation and it is well known that there is a countable set of discrete cut-
off frequencies with n propagating modes possible when the frequency lies between
the (n— 1)th and the nth cut-off (n > 1). The possible modes are alternately symmetric
and antisymmetric about the centreline of the channel.

There are many important nonlinear aspects to the physical situation when the
frequency is close to a cut-off value. For example Tulin & Yao (1992) have provided
systematic data for the phenomenon of the generation of slowly modulated propa-
gating wave groups at frequencies just below the first cut-off for symmetric modes.
In this paper however we shall restrict our attention to linear theory. There are
many situations in which the linear solution provides the dominant contribution to
the hydrodynamic characteristics and despite being much simpler the nature of the
linear solutions is still not fully understood.

A simple geometry that can be used to shed light on the various phenomena
that can occur with wave-body interactions in a channel is the vertical circular
cylinder, either extending throughout the depth or truncated. For the circular cylinder
extending throughout the depth a vast literature exists since the scattering problem
can be interpreted as a problem in acoustics. Most notable perhaps is the work of
Twersky (1962), though most of the extensive hydrodynamic interest in the problem
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was generated by a paper by Spring & Monkmeyer (1975). Recently there has been
much work on related problems. Thus the method of images has been used by,
amongst others, Yeung & Sphaier (1989a,5b) to solve the radiation problem for all
modes of motion for a truncated cylinder immersed through the free surface. More
recently Linton & Evans (1992a) and Mclver & Bennett (1993) have shown how a
multipole method can lead to simpler and easier to compute forms for the various
quantities of interest in problems of this type.

Callan, Linton & Evans (1991) proved that for a vertical cylinder extending through-
out the depth and placed on the centreline of the channel there exists a discrete mode
below the first cut-off for the channel, antisymmetric about the centreline, which
satisfies the condition of zero normal velocity on all solid boundaries and which has
finite energy. They term such a mode a trapped mode. Evans (1992) proved that such
antisymmetric trapped modes also exist for a vertical plate on the centreline extending
all the way to the bottom and Evans, Linton & Ursell (1993) proved that these modes
are still possible for an off-centre plate even though in this case antisymmetry cannot
be imposed and propagating modes are possible at all frequencies.

Each of these problems has an acoustical counterpart and in particular the thin
plate on the centreline of an acoustic waveguide has been shown experimentally by
Parker (1966) to exhibit such modes which he terms acoustic resonances. There is also
evidence for acoustic resonances in the circular cylinder case (Bearman & Graham
1980, pp. 231-232). A full review of the occurrence of acoustic resonances is given in
Parker & Stoneman (1989).

Evans & Linton (1991) used numerical methods based on matched eigenfunction
expansions to show that such modes exist for vertical cylinders of rectangular cross-
section whilst Linton & Evans (1992b) have used the numerical solution of integral
equations to show that such modes exist for a wide class of cross-sections, all
symmetric about the channel centreline. In all the above cases the body extends
throughout the fluid depth. Numerical evidence presented in Linton & Evans (1992a)
suggests that such modes exist for truncated cylinders also.

These trapped modes are clearly related to the non-uniqueness of an associated
forcing problem. For example, if we oscillate a cylinder which is placed on the
centreline in sway at a trapped mode frequency, then since both the solution to the
sway problem and the trapped mode are antisymmetric about the centreline we can
add any multiple of the trapped mode to a solution to the sway problem without
affecting the boundary conditions.

An illustration as to how this non-uniqueness affects the hydrodynamic coefficients
of a circular cylinder on the centreline, in sway, together with the effect of the higher
cut-off frequencies, was given in Linton & Evans (1992a). Their results showed that
the trapped-mode frequency, which occurs below the first cut-off frequency and hence
in a region where the damping coefficient is zero, corresponds to a singularity in the
added mass coefficient. This is in contrast to the behaviour of these coefficients
near higher cut-off frequencies where both coefficients exhibit spiky but non-singular
behaviour.

In this paper we explore these phenomena in greater detail by considering radiation
problems for different geometrical configurations, concentrating in particular on the
behaviour of the hydrodynamic coefficients near to the trapped-mode and cut-off
frequencies, so as to gain a thorough understanding of such problems.

We begin in §2 by first discussing again the circular cylinder on the centreline
described in Linton & Evans (1992a) before solving the problem of the sway motion
of an off-centre cylinder. This enables conclusions to be drawn concerning the
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different qualitative behaviour of the hydrodynamic characteristics of full bodies on
and off the centreline.

In §3 we consider radiation problems for thin vertical plates aligned with the
channel walls and show that there are fundamental differences between problems
involving such thin bodies and the full bodies considered in §2.

In order to assist in our understanding of these problems we make use of various
relations which exist between the solutions of scattering and radiation problems for
bodies in channels. These relations, being an extension of those derived by Srokosz
(1980) for problems symmetric about the centreline are derived in an Appendix.

2. Circular cylinders

In this section we consider the case of a vertical circular cylinder of radius a placed
in a channel of width 2d and depth h. Axes (x, y,z) are chosen with x measured along
the channel, y measured across the channel and z measured vertically upwards. The
origin of the coordinate system lies on the centreline of the channel in the plane of
the undisturbed free surface. The cylinder is centred at (x,y) = (0,b), (0 < b < d,
0 < a € d —b), and for the most part we will be concerned with cylinders that extend
throughout the water depth.

To begin with consider the case when the cylinder is on the centreline of the
channel, i.e. b = 0. Two recent papers have examined problems with this geometry. In
the first of these Callan et al. (1991) proved that trapped modes, modes of oscillation
at a particular frequency which have finite energy, exist for cylinders of sufficiently
small radius. Subsequently the scattering problem, together with the surge and sway
radiation problems, was solved using multipole expansions in Linton & Evans (1992aq)

Callan et al. (1991) proved that for sufficiently small cylinders there is at least one
discrete wavenumber, given by k = k* < n/2d, at which the homogeneous boundary
value problem with zero normal velocity on all solid boundaries, ¢ =0 on y = 0, and
¢ — 0 as |x| — oo, has a non-trivial solution. Computations suggest that there is in
fact one and only one such wavenumber for all sizes of cylinder 0 < a/d < 1. This
trapped mode solution is symmetric about x = 0. The condition ¢ =0 on y =0,
implying antisymmetry of the fluid motion about y = 0, ensures that no propagating
waves can exist in the range 0 < 2kd < 7.

The existence of a trapped mode solution can also be seen from the solution to
the sway radiation problem given in Linton & Evans (1992a). This problem is also
antisymmetric about the centreline of the channel and so again no waves can exist
below the first cut-off frequency. The symmetry of the problem implies that the added
mass and damping matrices each have only one non-zero element (M), and By)
which after suitable non-dimensionalization we term u and v respectively. Below the
first cut-off frequency, equation (A 33), which relates the sway damping coefficient to
the energy radiated down the channel, implies that v = 0. Typical behaviour of the
sway added mass in this range is shown in figure 1. Due to the existence of a trapped
mode at k = k* the sway radiation problem does not have a unique solution at this
value (since a multiple of the trapped mode can always be added to a solution) and
this manifests itself as a singularity in the solution.

Above the first cut-off frequency kd = n/2 waves are generated and v is no
longer zero. At freqencies a little below the higher antisymmetric cut-off frequencies
kd = (n+1/2)n, n = 1,2,..., the added mass and damping coeflicients exhibit spiky
behaviour as shown in figure 2(a, b) for n = 1. The height of the spike in the damping
coefficient and the total extent of the added mass spike can be seen to be very nearly
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FIGURE 1. Sway added mass coefficient, i, below the first cut-off frequency, for a cylinder on the
centreline with a/d = 0.3, a/h =0.1.

equal and this can be explained by the following argument, a brief description of
which is given in Linton & Evans (1992a). The quantities v and p are the real and
imaginary parts respectively of a complex force coefficient g(w), say, and a large spike
can be shown to correspond to a simple pole in the complex frequency plane close to
the real axis. This pole must lie in the lower half-plane from causality considerations
{Wehausen 1971). Near this pole, v = wy say, g(w) ~ 4A/(w — w,). Since the real
w-axis can be defined by the equation |w — @g| = |w — wy| it follows that as w moves
along the real axis close to the pole w = w,

A
Wy — Wg

A

W — Wy

’q + , (2.1)

so that g moves round a circle, centre A(w, — o) ™", radius |A(wy — wy)™'|. If we write
wy = a —if, f > 0O, then since the damping coefficient, and hence the real part of g,
must always be greater than or equal to zero (from (A 33)), the centre of this circle
must lie on the positive real axis. Thus we write 4 = 2ia, « > 0, and we see that
v + iy maps out a circle, centred at v = «/f, with radius «/f. This is illustrated in
figure 3. From the diagram it is clear that the total extent of the spikes in the added
mass and damping coefficients both correspond to the diameter of this circle and are
thus equal.

When the cylinder is not on the centreline of the channel, b # 0, the situation
is fundamentally different. The scattering problem in this case has been solved by
Mclver & Bennett (1993). Here we extend the multipole method described in Linton
& Evans (1992a). The boundary value problem we wish to solve is given by (A 2)—(A 5)
together with a body boundary condition which in this case is

o .
Fri Usind, (2.2)
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FIGURE 2. Sway hydrodynamic coefficients, below the second cut-off frequency, for a cylinder on
the centreline with a/d = 0.3, a/h = 0.1. (a) Added mass, p; (b) damping, v.

where polar coordinates (r,0) are defined by x = rcos 0, y —b = rsin 0. We also need
a radiation condition of the form (A 19).

Unlike the case of the scattering problem the depth variation in radiation problems
cannot be factored out. We thus define depth eigenfunctions

Fl(2) = Nt cos ky(z + h), m=0,1,..., (2.3)

where

1 sin 2k, h
- SIn Zfonlt 4
N, 2(1+ 2 ) (24)
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FIGURE 3. Path of the complex force coefficient v + ix as @ moves along the real axis
close to the pole @ = wy.

and k,, satisfies
kntank,h + K = 0. (2.5)

Here k,,, m > 1, are real and positive, whilst k; = ik, k real and positive. The functions
fn(z), each of wh1ch satisfies the free-surface and bottom boundary conditions, satisty
the orthogonality relations

1 0
W /4: ful2)fu(z)dz = bun. {2.6)

Next we define

_ _ 12
o={A30 5L 2
enlt) = {((:Osl[)z ncil;lh [l2n’cosh f, i i (28)
Canri (1) = {f(osg()zzl-r};hl)(zlnn+ 1]) cosh™'1], ; i i, (29)
nlt) = SH:( 21)5’1’21nh[2n cosh™ 1], ; i 11, (2.10)
s = (o Deosh ', ¢S a1

With these definitions, M defined by (A 15), and ¢,, p = 0,..., M defined by (A 14), we
can derive polar coordinate expansions for channel multipoles centred at (x, y)} = (0, )
and symmetric about x = 0. We obtain

Pono = Hyp(kr) cos 2n6 + Z{E{2q, 2n; 0}y, (kr) cos 2q6

q=0

+E{2q + 1,2n;0}J,,,,(kr) sin(2g + 1)6}, (2.12)
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2de {COS[ (v—b)]

+(—1)? cos [gd y+ b)] } 1"""’cz,,(t,,), x — o0, (2.13)

bams1o = Happr (kr) sin@n + 1)0 + > {E{2q,2n + 1;0}Jy, (kr) cos 246

q=0
+E{29 + 1,2n+ 1;0}J5,. (kr) sin2q + 1)8}, (2.14)
1 — 1 p
~ HZ {S‘“ [2d(y b)]

_OP

—(=1)"sin [%(y + b)] }ei‘k*'vc2n+1(t,,), x > oo, (2.15)
whilst for m > 1,

Ganm = Kan(knr) cos 2n0 + > {E{2g,2n;m} 1, (k,r) cos 290

+E{2q + 1,2n; m}qlzjm (knr) sin(2q + 1)6}, (2.16)
Gomiim = Kany1(knr) sin(2n + 1)0 + i{E{2q, 2n + 1;m}Ly, (k,r) cos 2q0
+E{2q 4+ 1,2n+ l;m}IQ,:J:O(kmr) sin(2g + 1)6}, (2.17)

where 2ie, [ | e 4 cosh 2kyb
E{2q,2n;0} = _Tq / abc —inh 2krd Cag(t)c2n () dt, (2.18)
E{2q +1,2n;0} = —%}Zf abcfsii’gf—zkg’gczw(t)czn(t) dr, (2.19)
E{29,2n+ 1,0} = —% 000 abc%czq(ncz”“(r) de, (2.20)
E{2q+1,2n+1;0) = -3 }éﬁw a e_zk;dsi;;‘;f; jkyb Cagns (s (8) A, 2.21)
E{2,2n;m) = ¢, /1 ) e_ka;;;;;’z‘ ;tk'"btczq (D)ean(t) dt, (222)
E{2qg+1,2n;m} = — /lw %szqﬁ(t)czn(t) dz, (2.23)
E{2¢,2n+ 1;m} =¢, /100 %Czq(t)szn+](t) dt, (2.24)
E{2q+1,2n+ 1;m} =2 /1 ) e_ka;;i;lf;’;i’ ;tk'"b E Sags1 (£)S2ms1 (1) diL. (2.25)

We write o w

$(x%,3,2) = Ua Y fn(2) D tumum (2.26)
for some unknowns «,,,. The boundary co;dition ':r(l) the cylinder, (2.2), can be written
% = Usin® i Ful(2)Fm, (2.27)

m=0
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where
1 [° _1sinkyh
= - = Nm 2
Fa= i | tat)dz o
Applying this boundary condition and then using the orthogonality of the depth
eigenfunctions and the trigonometric functions leads to an infinite set of infinite
systems of equations:

(2.28)

X

> o + E{a,n3m} 2, (@) [ H @Vt = 041 /@ (a),  qm >0, (229)

(2.30)

and
st = {s n 20

The added mass and damping coefficients, non-dimensionalized with respect to the
mass of fluid displaced by the cylinder are then given, from (A 24), by

Fo

21 F
o fo Fom 2l =S — 2 10 4 Lk@F,]. (232
iy = g [POOR |~ 3 et kR @3

oAz

m=1

We note that since the fluid motion is not antisymmetric about y = O there is wave
radiation at all frequencies. Below the first cut-off, kd = n/2, we now have behaviour
similar to that near the higher cut-off frequencies in the b = 0 case, with no singularity
in the added mass, and there do not appear to be any trapped modes. Figure 4(a,b)
shows that as b/d — 0 the initial spikes in u and v, computed from (2.32), get higher
and narrower as well as occurring at smaller values of kd, and this corresponds to
the value of f3, introduced in the discussion prior to (2.3), becoming smaller. Thus as
b/d — 0 the pole below the real axis, near to the first cut-off frequency, moves toward
this axis and when b = 0 it reaches the axis, § = 0, and instead of moving in a circle
g = v + iy moves up the imaginary axis to 4 = +oo and then returns along this axis
from y = —oo with v = Q throughout. This provides an explanation for the singular
behaviour of the sway added mass coeflicient in the b = O case, below kd = n/2.

Another quantity which provides insight into the nature of the solutions to these
problems is the cross-channel exciting force on the cylinder due to an incident plane
wave. From (A 44) we see that this is proportional to the amplitude of the fundamental
mode that is radiated when the cylinder moves in sway. By symmetry this force is
zero when b = O for all values of kd and so no fundamental mode is radiated. When
b # 0 results from Mclver & Bennett (1993) show that this force is, as one would
expect, no longer zero and in fact exhibits very spiky behaviour which is directly
related through (A 44) and (A 33) to the damping coefficient.

We would expect the above conclusions to be valid for truncated cylinders also.
Radiation and scattering problems for two types of truncated cylinders were consid-
ered in Linton & Evans (19924). The analysis required to solve these problems is
considerably more involved than for the non-truncated case. It is clear from their
results that for the case of a cylinder immersed through the free surface but only
extending part way to the bottom, the qualitative behaviour of the hydrodynamic
quantities is the same as for the non-truncated case, with significant quantitative
differences only in very long waves or when the draught of the cylinder is very small.
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FIGURE 4. Sway hydrodynamic coefficients, below the first cut-off frequency, for three off-centre
cylinders with a/d = 0.5, a/h = 0.1. , b/d = 0.05; ----- , b/d =02, ——, b/d = 04.
(@) Added mass, y; (b) damping, v.

Computations suggest that a singularity is again present in the sway added mass in
the range 0 < kd < /2 and thus that trapped modes exist for this geometry also.
As the draught of the cylinder increases up to the total water depth the various
hydrodynamic quantities tend rapidly and continuously to the non-truncated values,
the only exception being for the heave motion of a truncated cylinder as there is no
equivalent problem in the non-truncated case. There is no reason to suppose that
when b # 0 the effect of such truncation would be any greater.

For a bottom-mounted cylinder not extending through the free surface some of the
qualitative features present in the non-truncated case are retained but quantitatively
the results are very different. Again a trapped mode appears to be present just below
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the first antisymmetric cut-off and there is spiky behaviour in the hydrodynamic
characteristics near the relevant cut-off frequencies for each radiation problem. In
this case however there is no continuous change towards the non-truncated values
as the height of the cylinder approaches the water depth, due to the fundamental
difference between a problem where the body intersects the free surface and one
where it does not.

Variations in the hydrodynamic characteristics of a vertical circular cylinder ex-
tending throughout the depth of the fluid as the radius to channel semi-width ratio,
a/d, varies are well documented in the papers cited above. Some general comments
are appropriate here. One would expect the effects of the channel walls to diminish
as a/d becomes small, either for fixed kd or for fixed ka. This is indeed the case for
the exciting force on the cylinder as results in Linton & Evans (1992a) and Mclver
& Bennett (1993) demonstrate. However work by Thomas (1991) and Mclver (1992)
shows that the influence of the channel walls on the pressure values on the cylinder
is considerable and their values vary in an unpredictable way and tend only very
slowly to the open sea values. In the case of the added mass and damping coeflicients
it appears that increasing a/d decreases the spiky behaviour near to the cut-off fre-
quencies. This can be explained as follows. The spiky response in the hydrodynamic
force on the cylinder is due to the fact that in the absence of the cylinder a resonant
‘sloshing’ mode is possible at each cut-off frequency. The presence of the cylinder
inhibits this resonant mode and the larger the cylinder the more it can suppress the
spiky behaviour.

3. Plates

The case of a thin vertical plate aligned with the channel walls gives rise to some very
different behaviour. For the case of the plate on the centreline extending throughout
the depth, the existence of trapped modes was suggested, using partly analytical, partly
numerical arguments, by Evans & Linton (1991) and subsequently proved rigorously
by Evans (1992) for sufficiently long plates. Much earlier Parker (1966, 1967) had
demonstrated experimentally the existence of these modes which he called acoustic
resonances, and had computed their frequencies using a fully numerical method.
Unaware of this work, in their paper in 1991, Evans & Linton used the method of
matched eigenfunction expansions to compute the trapped mode wavenumbers and
their results indicate that a trapped mode symmetric about x = 0 exists for all values
of a/d > 0. As a/d increases more modes are possible, modes antisymmetric and
symmetric about x = 0 appearing in turn each time a/d passes through an integer
value. Thus for n — 1 < a/d < n (n = 1), n trapped modes are possible.

The sway radiation problem for such a body can be solved using the same matched
eigenfunction method. Since we shall also be interested in plates off the centreline we
shall first solve this more general problem with b # 0 and then indicate the changes
required to recover the corresponding results for b = 0. Notice that these radiation
problems are symmetric about x = 0. Thus we seek to solve the following boundary
value problem for ¢(x,y,z):

Vip =0, x>0,—d<y<d,~h<z<0, (3.1)
K¢ = % on z =0, (3.2)
9% _0  onz=-h (3.3)

0z



Bodies in channels 657

d¢
_ay =0 ony==d, (34)
o¢
3 = ony=b0<x<a,l|b<d, (3.5)
d¢
E =0 on x =0. (36)

We split the fluid region into three parts. Region 1 is {0 < x < g,b < y <
d,—h <z <0}, region 2is {0 < x <a,—d <y < b—h <z < 0} and region 3
is {x >a,—d <y <d,—h <z <0}. Writing ¢c =d —b, f = d + b, orthogonal
cross-channel eigenfunctions suitable for these three regions are, with n=0,1,...,

pO(y) = el cos(ald —y),  ve=nn/c, (3.7)
pO) = ed cos(u(d + ), = n/f, (3.8)

and
I (y) = el cos(A.(d — y)), An=nm/2d. (3.9)

Let ¢ in region i be ¢;, i = 1,2, 3, and write

R F,, cosh k,(d — y) @ COShawmx
¢1 - ';)fm(z) l k Slnhk ¢ ; Unm - Sinh anmawn (y) 5 (310)
= Fncoshkn(d +)) | ~ ..o S08hBuwmx
¢2 - Lfm(z) l k Sinhkmf +; UnmﬂnmSinthmawn (y) ] (311)
—~Ynm (x—
Z fn(2) Z USS———pO(), (3.12)

m=0 n=0
where
R A L R R L
fm(z) and k, are defined by (2.3)—(2.5), and F,, is defined by (2.28). With these

definitions, (3.1)—(3.6) are all satisfied and the unknown coefficients UY, i = 1,2,3,
can be found by matching ¢; and d¢,;/dx across x = a. Writing

1
oy = / PO0)eP ) dy, (3.13)
em = 5 / PP 0)p () dy (3.14)
we obtain
Z Udd,,, U2 =3 Ude,, (3.15)
n=0 n=0
and
- - coth a,,a coth B.ma @
; |:5qn + Yam ; (Cdrndrq _m + fernerq ZBT)] Unm
Eq% F, )
Aq sin A c (coth k¢ + coth k. f), qg,m=0. (3.16)

T 2k Vom
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Noting that
dy = ey =1, do=¢e0=0, r=l, cdo, = —feo, n=l1,
it can be shown that the ¢ = m = 0 equation is simply
UJ(l —icotka) =0 (3.17)
and hence

U =0, (3.18)

showing that no waves of the form exp(ikx) are radiated away from the plate to
x = o0. In fact the m = 0 system of equations from (3.16) reduces to

i coth oc, a coth B.a
Z [6,1" +yq0 Z (Cdrndrq ° f €rn€rq zﬂ Qdo )] U,{l?))

n=1 r=0

1

(:‘EFO .
_ﬁdaqolq sin A,¢ (cot kc + cot kf), qg=1, (3.19)

and it can be seen that provided 2kd < r this is a real system since 7y, is real for all
nzl.
Non-dimensional added mass and damping coefficients are then given by

: vy U@
= —Z(:)Fm (cothk ¢ + coth k,f) — Z_;( 1)el ( o~ fmad) . (320)

Results for the b = 0 case can be obtained from the above analysis simply by letting
b — 0 throughout. However the b = 0 problem can be solved in a much simpler
manner by taking account of the antisymmetry of the problem about y = 0. Thus we
need only consider the region y > 0 and apply the condition ¢ =0 on y =0, x > a.

Region 1 is as before, region 2 no longer exists and region 3 becomes {x > 4,0 <
y <d,—h < z < 0}. Orthogonal cross-channel eigenfunctions suitable for region 3
are now

W) =2¥sin((n+ Yay/d), >0 (3:21)
The expansions for ¢, and ¢; are given by (3.10) and (3.12) as before where now
Y = (0 + 1)°72/d> + K2).

Owing to the simplified nature of the geometry we can now proceed in two different
ways. First we could obtain a system of equations for the unknowns U® similar to
(3.16) but we now also have the option of obtaining a system of equations for the
unknowns U{) and since these are required in the computation of forces on the plate
this is a more sensible approach. Thus we obtain

Z [54,, + oy tanh oy,a Z Pl dq,d,,,] U = eq% (—l)quM, g,m=0,

n=0 r=0 aqmd
(3.22)
which, like (3.19), is a real system provided 2kd < n. Non-dimensional added mass
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FIGURE 5. Sway added mass coefficient, y, below the first cut-off frequency, for a plate on the
centreline with a/d = 3.5, a/h = 0.5.

and damping coefficients are then given by

, oM +iB e,.( Hruw
,u+1v—7p————————2ZF [——cothk,,,d Z = ad ] (3.23)
Note that the antisymmetry of the solution about y = 0 has been used and the
potential integrated along both sides of the plate.

Figure 5 shows the non-dimensional added mass coefficient, computed from (3.23),
for the case of a plate on the centreline with a/d = 3.5, a/h = 0.5, over the range
0 < 2kd < 7m. As in the case of the circular cylinder we find that in this range the
damping coeflicient is zero (as it must be since no waves are radiated) and the added
mass is singular at those values of kd which correspond to trapped mode wavenumbers
symmetric about x = 0. In the case of figure 5 the method of Evans & Linton (1991)
gives two symmetric trapped mode wavenumbers at kd/m ~ 0.126,0.372. (The
antisymmetric trapped mode wavenumbers correspond to singularities in the added
mass for a radiation problem which is itself antisymmetric about x = 0, for example
a yawing plate with d¢/dy = x/a on y = 0.) Above the first cut-off frequency,
computations show that the general form of the added mass and damping curves
is the same as for the circular cylinder case discussed in the previous section, with
spikes occurring in the hydrodynamic coefficients which can again be explained as a
consequence of a pole close to the real axis in the complex force coefficient, g(w).

When b # 0 however, the plate and the circular cylinder give rise to fundamentally
different behaviour. Thus Evans et al. (1993) have proved that trapped modes exist
for a plate off the centreline in the range 0 < 2kd < =, wavenumbers for which in
this case propagating modes would appear to be possible since there is no longer
a condition of antisymmetry about y = 0. In fact for this problem it is clear that
exp(+ikx) is an eigenfunction with any k > 0 the corresponding eigenvalue. For this
reason these trapped modes are said to be embedded in the continuous spectrum.
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In all the previous examples trapped modes have given rise to singularities in the
added mass which, since these are due to a singularity on the real axis in g(w),
can only occur if the damping coefficient is zero. This follows from the relation
glw) = v +iu = 2ia/(w — wy), a real, since if u is singular w, is real and hence v
vanishes. It can be seen from (3.18) and (A 33) that the damping coeflicient is indeed
zero over the range 0 < 2kd < 7 since the amplitude of the fundamental radiated
mode (i.e. exp(ik|x|)) is zero for all values of k.

This remarkably simple result arising quite naturally from the general formulation
above in terms of eigenfunction expansions should be capable of a simple explanation.
The simplest way of proving the result is to use the extension of the Haskind relations
(A 44). Since there is no cross-channel exciting force on the thin plate when a plane
wave is incident on it, it follows, from (A 44), that the coefficient multiplying exp(+ikx)
in the far field of the sway radiation problem is zero.

This result is in fact true in more general problems than simply the sway problem.
Consider the radiation problem for an off-centre plate parallel to the tank walls with
the boundary condition d¢/8y = f(x) on y = b, |x| < a. Green’s theorem applied to
¢ and another harmonic function y with dy/dy =0 on y = +d gives

oy o _
/Sa+soc (d) on B_n> 5 =0,

with Sp and S, as in (A 27). Taking y = exp(+ikx) we see that dp/dy = 0 on Sy and
yw and Ow/dy are continous across the plate. Thus the integrals along each side of
the plate cancel out and if

M
¢ ~ H(2) Z AZY, (y)etn as x — oo,

n=0

in the notation of the Appendix, the integrals over S, show that AF = 0. Thus any
combination of N vertical plates aligned with the channel walls, moving such that
0¢/dy = fi(x) on the ith plate, i = 1,..., N, will generate no waves in the range
0 < 2kd < n. The above arguments suggest that trapped modes exist for any such
configuration of fixed vertical plates.

Computations of the added mass coefficient from (3.20) show that as expected, this
coefficient exhibits singular behaviour at values of kd corresponding to the trapped
mode wavenumbers as computed by Evans et al. (1993).

4. Discussion

Some fairly general conclusions can be drawn from the above results.

The existence of trapped modes clearly implies the non-uniqueness of certain
radiation problems since any multiple of the trapped mode can be added to the
solution without affecting the boundary conditions. This non-uniqueness appears as
a singularity in the added mass coefficient in a region where the damping coefficient
is identically zero and this has been explained in terms of a pole of the complex force
coefficient on the real axis. Thus it appears that trapped modes only exist in a region
where the damping coefficient is zero. Note that this does not apply to all radiation
problems: the problem of a heaving truncated cylinder on the centreline has a unique
solution at the trapped mode frequency for the corresponding fixed body since the
solution to the heave problem is symmetric about the centreline whereas the trapped
mode is antisymmetric about this line.
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Now any body symmetric about the channel centreline moving in sway will produce
a fluid motion antisymmetric about the centreline so that if 0 < 2kd < m no waves
will be radiated and the damping coefficient will indeed be identically zero over this
range. In all such cases considered up to now trapped modes have been found (except
in the case of a vertical plate perpendicular to the channel walls where the body does
not interfere with the sloshing modes of the tank) and it seems reasonable to suggest
that trapped modes exist for all such bodies.

In this paper we have shown that another problem where the damping coefficient
vanishes over a range of values of kd is that of a swaying vertical plate aligned with
the channel walls placed anywhere in the channel, or indeed any number of such
bodies, and this explains why Evans et al. (1993) were able to find trapped modes in
this case also.

Since the damping coefficient in sway is related through (A 33) and (A 44) to the
cross-channel exciting force on the body due to an incident wave from infinity our
arguments suggest that if this force is zero over a range of frequencies then a trapped
mode will exist. From symmetry considerations this is always the case for a body
symmetric about the channel centreline and it is also clearly true for thin vertical
plates aligned with the channel walls. It seems unlikely that the cross-channel exciting
force on any body which is not symmetric about the channel centreline will be zero
over a range of frequencies and so in turn it seems unlikely that trapped modes will
exist for such bodies.

C.M.L. is supported by SERC under grant GR/F/83969.

Appendix. General relations for bodies in channels

In the linear theory of interactions between water waves and bodies a number of
general relations exist involving the various hydrodynamic quantities that arise. These
relations were discovered over a number of years and a systematic derivation for the
case of a single body in both two and three dimensions is given in Newman (1976).
Srokosz (1980) extended these results to the case of a vertical cylinder placed on
the centreline of a channel extending throughout the water depth with the property
that the cross-section of the cylinder and any body motions are symmetric about the
centreline. Here we shall derive relations suitable for any body in a channel moving
in any mode of motion.

We make the usual assumptions of an incompressible, inviscid fluid and irrota-
tional motion and we further assume that all motion is time-harmonic with angular
frequency . Using linear water-wave theory we can define a velocity potential

Hx,y,z,1) = Re{p(x,y,z)e""'} (A1)
which satisfies
Vipg=0 in the fluid, (A2)
Kd):aa—(f on z =0, K = w?/g, (A3)
%=0 on z = —h, (A4)
0z
and
0_4_>=0 ony==+d. (AS)

oy
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In order to completely specify a boundary value problem for a wave-body interaction
we must have a body boundary condition and suitable radiation conditions as
|x| — co.

First we will consider the body boundary condition. The wetted part of the body
boundary will be denoted by Sg. If we restrict our attention to rigid body motions
then the normal velocity of a point on the body surface can be written

V(t) = Re{[(Uy, Uy, Us) + (Us, Us, Ug) x rl.ne ™"}, (A 6)

where U;, U,, U; are the components of surge, sway and heave and U,, Us, U are
the components of roll, pitch and yaw. The vector r = ((x — xp), (y — ¥o), (z — 20)) 18
the position vector of the point on the body surface with the origin at (xo, y, 20), the
centre of rotation, and n = (n,n,,n;) is the unit outward normal from the body. If
we define (n4,ns,n6) = r X n then the linearized body boundary condition is

0 o
b Un .
= ; g on Sy (A7)

For a general problem, ¢ can be decomposed into an incident potential, ¢, a diffracted
potential, ¢p, and six radiation potentials, ¢;, one for each mode of motion. Thus

6
¢ =i+ dp+ Y U (A8)
i=1
If we write ¢s = ¢ + ¢p then
0
—a‘é’f =0 on Sg (A9)
and
%=n,~, i=1,...,6, on Sg. (A 10)

The correct far-field behaviour can be obtained by solving for ¢ in the absence of
a body. Thus if we separate the variables and write ¢(x,y,z) = X(x)Y (y)Z(z) we
obtain

Z(z) = cosh k(z + h), (A11)
where k is the unique positive solution of the dispersion relation ktanh kh = K,

cosd,y, neven,

sini,y, n odd, n=0,1,..., (A12)

nw=nw={

where A, = nn/2d. Solutions for X are given by

X(x) = X, (x) = etk (A 13)

= [1— (%) ] . (A 14)

For the solution to behave like a propagating wave as |x| — oc, t, must be real. We
define an integer M by

where

Mn <2kd < (M+ 1)n (A15)
and then for n = 0,...,M, X, represents a propagating wave. The frequencies
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corresponding to 2kd = mm, m a positive integer, are called the cut-off frequencies
for the channel.

An incident plane wave from x = —oo can thus be written as
¢’ = H(z)e"™, (A 16)
where
H(z) = _igAcoshk(z +h) (A17)

w cosh kh
Here A is the (assumed real) amplitude of the incident wave. Similarly an incident
plane wave from x = +co can be written as

¢? = H(z)e ™. (A 18)
The far-field behaviour of the various potentials that appear in (A 8) is then
M
¢~ Hz) > ALY, (y)e™ as x — oo, (A19)
n=0
4 ) M )
M — 40 4 40 e + 3 RPY,(y)e™  as x — —o0
s =¢ +¢p ~HE@ Sy " (A 20)
Y TOY,(y)e as x — +o0,
\n=0
4 M )
Y TAY,(y)e as x — —0
00 = o +95 ~HED ™ | (A2D)
e + Y RPY,(y)e*™ as x - 4o,
n=0

where the coefficients 4%, i = 1,...,6, RY, T, i = 1,2, are to be determined.
The generalized hydrodynamic force on the body in the ith direction is given by
Fi(t) = Re{X,e™™'} where

X; = —ipw / ¢n; ds. (A22)
S
This can be written

6
X,=-) Uj—ioM; + By) (A 23)
j=t
where M and B are real matrices (M is the added-mass matrix and B is the damping
matrix). Thus

Sn

The exciting force in the ith direction on the body due to the scattering potential oY
is

X9 = —ipo / o9nds,  j=12 (A25)
Sp

The starting point for the derivation of general identities involving the above
quantities is Green’s theorem which implies that if y; and p, are harmonic in a
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region surrounded by a closed surface S then

61/)2 61/)1
/S (wl on [25] on ) ds (A )

In all the cases that follow y; and y, will have zero normal derivative on the walls
and the bottom of the channel and will satisfy the free-surface boundary condition.

Thus
51P2 oy,
—_ =0. 27
froo (w5 ) o8 a2

Here S, is made up of the two regions {x = +X,—d <y <d,—h < z < 0} and |X|
is large enough for the asymptotic forms for the potentials given in (A 19)—(A 21) to
be valid.

We will begin by taking ¢, = ¢; and y, = ¢;. It is straightforward to show that
the contribution from S, is zero. We make use of the fact that

d
| Yy dy = 206,150, (A28
—d
where € = 1 and €, = 2 if n > 1. Using the body boundary condition then gives
/ ¢,nde =/ ¢jnidS, (A29)
Sp Sp
from which it follows that the matrices M and B are symmetric.
Next we take y; = ¢, and y, = ¢;. Here an overbar represents the complex
conjugate and we have from (A19) that
M
6;~HE@) Y ALV.(n)e™™  as x > Foo. (A 30)
n=0
Thus
2iIm/ $n;dS = —/ (¢,a¢f ¢, % )
Sp S
/ |H (z)? dz {Z dikde't, (A} AT, + A,,,AJ,,)} . (A31)
=0
Now

Q
Hz)dz = —8 W2 k(z + h)dz = 82
/—h| @) dz wzcoshzkh/ coshk(z +h) dz wk

where ¢, = wk™!(1 + 2kh/ sinh 2kh) is the group velocity. It follows from (A 24) that

M
By =2pgdcy ) €, 1 (A AS, + AL A3). (A32)
n=0
In particular
M
By =2pgdcy ) & ' ta(l 451" + |45 (A33)
n=0

If we use scattering potentials instead of radlatlon potentlals in (A27) further
results can be obtained. Thus if we take y; = ¢4 and y, = ¢@ it is readily seen
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that the integral over the body surface gives no contribution and the integral over S,
leads to the simple result

Ty = T3, (A34)

Taking y; = ¢{’ and v, = ¢\ leads to a result expressing the conservation of energy.
First we note that

. M Y .
e+ ¥ RVY,(y)e  as x » —o0

¢ ~HD " (A 35)
Z Trfl) Yn(y)e—ikxt,. as x — +co,
n=0

and then (A 27) implies that

M
> RV + | TOP) = 1. (A 36)

n=0

Similarly it can be shown that

M
D &' tW(RPP +|TPP) = 1. (A37)
n=0
Note that if M = 0, since Ty = Ty, we have |R"| = |[R?|.
Since the numbers n; appearing in (A 10) are real it follows that the potential
= ¢; — ¢; has zero normal derivative on the body boundary. Also

M M
v ~ H(z) Z ALY, (y)et ™ — H(z) Z ALY, (y)eTixn as x — $oo. (A 38)
n=0
Using this function together with yp, = ¢’ gives
A+ Z €'t (4R + 47 TM) = 0. (A 39)
n=0
With p; = (2} we obtain
M —
A+ & t(ALRD + A, T?) = 0. (A 40)
n=0

These relations, which can be used both for the evaluation of coefficients and for
numerical accuracy tests, are extensions of the Newman—Bessho relations (Newman
1976).

Finally, a relation can be obtained between the exciting force in the ith direction
due to an incident wave and the amplitude of the radiated wave due to motion in the
ith mode. Thus if we take y, = ¢; and y, = ¢\ we obtain

/(4),84’ — "a¢)ds 0. (A41)

Using (A 9) and (A 25) this can be rearranged to give

(1)
X =ipw /S (¢ ag’l ¢<”a"") . (A 42)
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Now if we use y; = ¢; and p, = ¢!" we obtain

/SB <¢iag>:,l” - ‘I”%) dS = —4ikd AA;; /_ (;[H(z)]2dz, (A 43)
which when combined with (A 42) gives
XY = —4dpgc, AA;, (A 44)
Similarly
X = —4dpge, AA, (A 45)

These relations are extensions of the Haskind relations, Haskind (1959).
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